Abstract. The notion of good spectral triple is initiated. We prove firstly that any regular spectral triple may be embedded in a good spectral triple, so that, in non-commutative geometry, we can restricts to deal only with good spectral triples. Given a good spectral triple K = (A, H, D), we prove that A is naturally endowed with a topology, called the K-topology, making it into an unital Fréchet pré-C * -algebra, and that the group Inv(A) of its invertible elements has a canonical structure of Fréchet Lie group of Campbell-BakerHausdorff type open in its Lie algebra A ; moreover, for any n > 0 one has that Kn = (Mn(A), H⊗C n , D ⊗In) is still a good spectral triple. One deduces three important consequences. The first one concerns the K-theory of Mn(A). The second is related to unitary and sympletic groups : given any element Ω in Inv(Mn(A)) such that Ω * = Ω −1 = εΩ, ε ∈ {−1,
Introduction
In infinite-dimensional analysis, it is well known that there is deep breaking between the case of Banach spaces (over R or C) and that of more general Hausdorff locally convex topological vector spaces which are not normed spaces (see e.g. [2] or [12] ). For example, depending on the type of derivatives used (Fréchet derivatives, Gâteaux derivatives,...), one obtains non equivalent infinite-dimensional differential calculi, although each of them leads to a Taylor expansion at a point ; unfortunately, for these various types of differential calculi, the fundamental theorems of the Banach differential calculus such that the "Implicit function Theorem" or the "Frobenius Theorem" are no more valid. As a consequence, there are several theories of "infinite-dimensional Lie groups" depending on the class of groups and underlying manifold structures we consider, (see e.g. [13] ).
In the non-commutative geometry initiated by A Connes (see [5] and some references therein), compact manifolds are replaced by unital * -algebras which are not assumed to be commutative. In this setting, one obtains a quantized differential calculus as soon as one can incorporate such an algebra A in a "regular spectral triple", that is to say a triple K = (A, H, D) where A is represented by an unital * -subalgebra of the * -algebra L(H) of bounded operators on some separable Hilbert space H, and D an unbounded self-adjoint operator on H with compact resolvent, such that for every element a in A : [D, a] lies in L(H), and such that A is contained in the domain Dom(δ n ) of the n-th power of the derivation δ = [ √ D.D, ·] on L(H) for every n in N.
A natural question, which has been already approached in the particular case of gauge groups arising in non-commutative geometry in [8] , [9] and [10] , can be then roughly formulated as follows : under what conditions the quantized differential calculus associated with a regular spectral triple K = (A, H, D) leads to a tractable notion of "infinite-dimensional Lie group" for the group of invertible elements in A and some of its important subgroups? The present paper, which brings an interesting and rather unexpected answer as soon as the spectral triple fulfils some "goodness" property, is organized as follows.
-In section 1 we recall some basic definitions on smoothness and analyticity in Fréchet spaces and a group theoretical version of differentiability yielding to the notion of generalized Lie group developed in [12] , which, in spite of the absence of an explicit underlying smooth manifold structure, has the same main functional properties than a "true" Lie group.
-In section 2, with any regular spectral triple K = (A, H, D) we associate a countable family ( · n ) n∈N of submultiplicative * -norms on A fulfilling a crucial property (Lemma 3.2). Denoting by A n the unital Banach * -algebra obtained as the completion of A with respect to the norm · n , n ∈ N, we prove that the intersection A(K) of all the A n is an unital Fréchet * -algebra for the topology defined by the family ( · n ) n∈N , that we have called the K-topology of A(K).
-Section 3 is devoted to the notion of good spectral triple, which consists of a regular spectral triple K = (A, H, D) for which A(K) = A. It is proved that any regular spectral triple may be canonically embedded in a good spectral triple, so that, without loss of generality, given a regular spectral triple, we may assume that it is good. Given a good spectral triple K = (A, H, D) with A endowed with the K-topology, we prove that the product is analytic on A × A and that the involution is smooth on A. We prove also that the group Inv(A) of invertible elements in A has a natural structure of generalized Lie group with Lie algebra A, and that the associated exponential mapping Exp : A → Inv(A) is analytic.
-In section 4, we begin by recalling the notion of good algebra initiated by R. Swan (see [14] ) and extensively studied by J.-B. Bost (see [3] ) : a topological unital algebra A is good if, for the induced topology, the group of its invertible elements is a topological group open in A ; the unital Fréchet good * -algebras have a holomorphic functional calculus so that we can define on it the functors K 0 and K 1 of a topological K-theory. Given a good spectral triple K = (A, H, D), using our crucial Lemma 2 and taking into account that Inv(A) is a nice projective limit of analytic Banach Lie groups, one obtains our main result (Theorem 5.3) : the group Inv(A) has a natural structure of analytic Fréchet Lie group of CampbellBaker-Hausdorff type (in the sense of [6] - [13] ) open in A ; in particular, provided with the K-topology, A is an unital Fréchet good * -algebra.
We derive in Theorem 5.4 two important consequences : the embedding i of A in the C * -algebra completion A 0 of A with respect to . 0 induces, at the level of the K-theory, an isomorphism of groups i * :
is still a good spectral triple, so that the matrix unital * -algebra M n (A) has a natural structure of unital Fréchet good * -algebra, improving then a result of R. Swan ([14] , Corollary 1.2), and that Inv(M n (A)) is Fréchet Lie group of Campbell-Baker-Hausdorff type with Lie algebra M n (A).
-Section 5 uses extensively a result of J. Leslie and T. Robart (see [6] , [13] ) which ensures the integrability of the closed Lie subalgebras of the Lie algebra of a Lie group of Campbell-Baker-Hausdorff type. Given a good spectral triple K = (A, H, D), we study first of all subgroups of Inv(M n (A)) including pseudounitary and symplectic groups ; more precisely, given any element Ω in Inv(M n (A)) such that Ω −1 = Ω * = εΩ with ε ∈ {−1, 1}, we prove that the group :
is a Fréchet Lie of Campbell-Baker-Hausdorff type with Lie algebra
Then, we discuss about unimodularizable good spectral triples K = (A, H, D), that is to say those for which A may be provided with a K-trace. Clearly, we mean here any normalized trace T which is continuous with respect to the K-topology of A ; in this case, with any integer n > 0 we associate a K n -trace T n on M n (A), we prove that S T (n; A) = {x ∈ M n (A)/T n (x) = 0} is the Lie algebra of a connected Fréchet Lie subgroup S T (n; A) of the Fréchet Lie group Inv(M n (A)), and that S T U Ω (n; A) = {x ∈ U Ω (n; A)/T n (x) = 0} is the Lie algebra of a connected real Fréchet Lie subgroup S T U Ω (n; A) of U Ω (n; A).
Some preliminaries on analyticity and on generalized Lie groups
As usual, N denotes the set on nonnegative integers, and we let : N * = N − {0}.
2.1.
On smoothness and analyticity. We recall here a brief outline of basic definitions related to smoothness and analyticity in Fréchet spaces (see e.g. [2] and [11] ). Let E and F be two Fréchet spaces over C or R, let E 0 be a non empty open subset in E and let f be a continuous mapping from E 0 into F . Then : (1) : f is said to be of class C 1 on E 0 if for any x in E 0 and any element v in
of f at x in the direction v exists, and if the mapping
is of class C 1 on E 0 ; more generally, for k ≥ 1, f is of class C k+1 on E 0 , if it is of class C k on E 0 and if the mapping f (k+1) :
, and of class C ∞ if for any k in N, f is of class C k . (3) : f is said to be analytic on E 0 if f is of class C 1 on E 0 and : -in the case where E and F are complex vector spaces, if for any element x in E 0 the mapping : v ∈ E → f ′ (x; v) ∈ F is a continuous complex linear mapping from E into F ; -in the case where E and F are real vector spaces, if there exists a non empty open subset W in E such that f may be extended into an analytic mapping from
Any analytic mapping f from E 0 into F is, of course, of class C ∞ on E 0 , and for any k ≥ 1, any continuous k-linear mapping from E k into F is analytic. 
for any element a in G and any element v in G.
b) The notion of topological group of exponential type (see [12] , chap 1.2) gives a coherent setting for defining a group theoretical version of differentiability.
Given a topological group of exponential type (G, G, E) and a continuous mapping U from R into G, for any integer n ≥ 0 and any real number t, let F t,n : R → G be the mapping defined for all s in R by : F t,n (s) = (U (t + s n ).U (t) −1 ) n ; then : 
c) According to [12] , chap 1.3, we are now able to say what is a generalized Lie group. Let I be a closed interval [a, b] , let S(I; G) associated with some subdivision ∆ : a = t 0 < t 1 < .. < t m = b of I, and let us consider the continuous mapping :
called a product integral, and defined for any element t in [t k , t k+1 [, 0 ≤ k ≤ m − 1 by :
Such a mapping is a piecewise C 1 -curve in G, and fulfils : 
For any continuous mapping X : I → G and any sequence (X n ) of elements in S(I; G) converging uniformly to X, the sequence (P (X n )) of product integrals converges uniformly, on each compact interval, to a According to [5] , conditions (1) and (2) are the properties required in order that K is a K-cycle over A ; the smoothness condition (3) ensures that, for any a in A and any n ≥ 0, the n-th derivative of a with respect to the derivation ∂ = [D, .] is well defined.
Given a regular unital spectral triple K = (A, H, D) we shall denote by . the C * -norm operator on L(H), and for each integer n ≥ 0, by T (n) the family :
, where T k is the seminorm defined on A by :
Endly, we shall set : 
Proof. (i) : One easily checks that for each integer n, T (n) is a differential seminorm on A ; moreover, from Proposition 3.3 of [1] its associated total norm . n is submultiplicative.
(ii) : A trivial computation gives, for any positive integer k :
and then, since . is C * -norm :
, and a * n = a n . (iii) is an obvious consequence of the definition of . n Lemma 3.2. Let a be any element in A. For any element n in N − {0} there exists a positive constant η a,n , such that a.x n ≤ a 0 x n + η a,n x n−1 , ∀x ∈ A.
Proof. Let us prove firstly the statement for n = 1. For any pair (a, x) of elements in A, by § 2.1(b) one has :
so that :
and then :
The assertion is then proved by taking η a,1 = [D, a] . Now, let k be an integer >1, and let us assume that there exists a positive constant η a,k such that for any pair (a, x) of elements in A :
From the equality :
the Leibniz rule leads to :
so that, by inductive assumption and the equality :
one obtains :
with :
Let α(a, k) be the positive number defined by :
one deduces that :
For any integer j such that 1 ≤ j ≤ k + 1 one has :
from which one deduces that C k ≤ α(a, k) x k , and then, by (3) :
Endly, using the fact that x k−1 ≤ x k , one obtains :
which achieves the proof 3.2. Unital Fréchet * -algebra associated with a regular spectral triple. a) Let us recall what is called an ILB-chain (see e.g. [11] , Chap I) : a family {E, E n ; n ∈ N} is called an ILB-chain if the following conditions are satisfied : -∀n ∈ N : E n is a Banach space (over C or R), E n+1 is embedded continuously in E n and the embedding i n : E n+1 ֒→ E n is a continuous morphism of Banach spaces with dense range ; -E = n≥0 E n is a Fréchet space and the topology of E is the weakest topology such that the natural embedding i n : E n+1 ֒→ E n is a continuous for all n in N.
Given a regular spectral triple K = (A, H, D), it follows from § 2.1 that . 0 is a C * -norm and that ( . n ) n∈N is a countable increasing family of submultiplicative * -norms on A. The completion A n of A with respect to . n is then an unital Banach * -algebra, A 0 being a C * -algebra. By Lemma 3.1, for any element n in N, one has that A n+1 is a dense unital * -subalgebra of A n and that the embedding i n : A n+1 ֒→ A n is a continuous morphism of Banach * -algebras with dense range.
One easily deduces that :
The family {A n , . n , i n , n ∈ N} is a projective system of unital involutive Banach algebras, and its projective limit :
is an unital Fréchet * -algebra the topology of which, called the K-topology, is given by the family of * -norms ( . n ) n∈N . In particular, {A(K), A n , n ∈ N} is an ILBchain.
4.
Good spectral triple 4.1. On the notion of good spectral triple. Definition 4.1. By good spectral triple, it will be meant any regular spectral triple 
is good spectral triple.
Proof. Given any spectral triple K = (A, H, D), and taking into account that on A the K-topology is stronger that the topology induced by the C * -norm . , the inclusion a ∈ A → a ∈ L(H) is continuous on A provided with the K-topology, and then, extends into the continuous inclusion from A(K) into L(H). One easily deduces that K # = (A(K), H, D), like K, is a regular spectral triple. Now, observing that for any integer n ≥ 0 one has necessarily A(K) n = A n , one deduces that : 
i) : the multiplication is an analytic mapping from
The K-topology of A being given by the norms ( . n ) n∈N , by Lemma 3.1 one has that m is continuous on A × A and that θ is continuous on A. Assertion (i) follows then from the fact that m is a continuous bilinear mapping (see § 2.1).
Assertion (ii) follows from the continuity of * = θ = θ −1 , and from the fact that given any pair (x, v) of elements in A × A, by a trivial computation one checks that the corresponding Gâteaux derivative is :
A is a continuous complex linear mapping from A into A, and then (see § 1.1) one has that θ = θ −1 is C ∞ 4.3. Exponential mappings for a good spectral triple. a) Let K = (A, H, D) be a good spectral triple. By Proposition 3.3, the family {A k , . k , i k , k ∈ N} is a projective system of unital Banach * -algebras. One deduces that the sheaf of (germs of) analytic functions on A, i.e. the projective limit of sheaves of (germs of) analytic functions on the Banach spaces A k , is the sheaf of (germs of) restrictions to A of analytic functions on the A k , k ∈ N. Moreover, considering A and the A k , k ∈ N, with their natural structure of Lie algebra given the canonical Lie bracket [a, b] = a.b − b.a, one has that A is a Fréchet Lie algebra and that all the A k , k ∈ N, are Banach Lie algebras.
b) Let us recall now well known results related to unital Banach algebras and that we summarize here (see e.g. Theorem 22A in [7] , § 7 in Chap. II of [4] , or § II.7 in [12] ) : given an unital Banach algebra B over C, the group Inv(B) of its invertible elements has a natural structure of analytic Banach Lie group open in B, with Lie algebra B, and with exponential mapping :
which restricts into an analytic diffeomorphism from some convex open neighborhood of 0 in the algebra onto an open neighborhood of I in Inv(B). Furthermore, one has that any continuous 1-parameter subgroup of Inv(B) is of the form t → exp(tX) for some X in B. We have also to observe that (Inv(B), B, exp) is of course a generalized Lie group. c) Let us denote by Inv(A) the group of invertible elements in A and by Inv(A k ) the group of invertible elements in A k , k ∈ N, and let us consider now the exponential series Exp of A (resp. : Exp k of A k , k ∈ N) respectively defined by :
As a consequence of the above discussion one obtains : 
Exp is the restriction of Exp k to A and maps A into Inv(A).
4.4.
On some properties of the exponential mapping. As concerns the properties of the mapping Exp, ∀v ∈ A, ∀k ∈ N and ∀p ∈ N − {0} one has :
where for each n ≥ 0 :
is the (n + 1)-th partial sum of Exp(v). Since A is complete for the K-topology, one deduces that the exponential series Exp(v) is uniformly and absolutely convergent on any bounded subset of A with respect to the norm . k for any integer k ≥ 0. It follows that the mapping Exp : v → Exp(v) is continuous on A, and of course, takes its values in the group Inv(A). 
Proof. ∀t ∈ R and ∀n ∈ N * , ∀(v, w) ∈ A 2 a trivial computation shows that :
where, for any integer
is an homogeneous polynomial function with total degree n. One obtains in particular that :
and then, for any integer k :
Let us consider now the series :
By (4) one has :
It follows that the exponential mapping Exp has a Gâteaux derivative at any point v in A in any direction w of A, given by :
According to the notion of analyticity recalled in 1.1, one deduces that Exp is a complex analytic mapping from A into A taking its values in Inv(A). Now, considering for each element v in A the mapping ψ v : R →A defined by ψ v (t) = Exp(tv) which takes its values in Inv(A), a trivial computation gives :
The assertion follows from the fact that the equation 
5.
The good unital * -algebra of a good spectral triple 5.1. On the induced K-topology. Let K = (A, H, D) be a good spectral triple. In 2.2(a) it has be shown that, for any element n in N, the natural embedding i n : A n+1 ֒→ A n is a continuous morphism of Banach * -algebras with dense range, so that {A n , . n , i n , n ∈ N} is a projective system of unital involutive Banach algebras, the projective limit of which is the unital Fréchet * -algebra :
At the level of the corresponding Banach Lie groups Inv(A n ), n ∈ N, one has to observe that i n (Inv(A n+1 )) is a subgroup of Inv(A n ), that the restriction j n of i n to Inv(A n+1 ) is a continuous morphism of topological groups, and that :
Endly, the embedding i n : A n+1 ֒→ A n being in particular a continuous linear mapping, is analytic (see 1.1), and since Inv(A n+1 ) and Inv(A n ) are open in respectively A n+1 and A n , one has that j n is an analytic injection of Banach Lie groups from Inv(A n+1 ) into Inv(A n ). Proof. Let K = (A, H, D) be a good spectral triple, and let us provide the group Inv(A) with induced topology of the K-topology of A.
It follows from the above discussion that it is the weakest topology for which all the embedding of typological groups :
are continuous, so that {Inv(A n ), j n , n ∈ N} is a projective system of Banach Lie groups, having as projective limit Inv(A) provided with the induced K-topology. Moreover, one has that {A n , . n , i n , n ∈ N} into the projective system of topological spaces {Inv(A n ), j n , n ∈ N}, so that Exp = Lim ←− Exp n . For any n in N, let m n : Inv(A n ) × Inv(A n ) → Inv(A n ) be the multiplication on Inv(A n ), and let inv n : Inv(A n ) → Inv(A n ) be the mapping :
One easily sees that {m n , n ∈ N} is a projective system of smooth mappings from the projective system of Banach Lie groups {Inv(A n ) × Inv(A n ), j n , n ∈ N} into the projective system of Banach Lie groups {Inv(A n ), j n , n ∈ N}, and that {inv n , n ∈ N} is a projective system of smooth mappings from the projective system of Banach Lie groups {Inv(A n ), j n , n ∈ N} into itself. The proof follows them from the fact that the multiplication :
is continuous on Inv(A) × Inv(A), and likewise, that the mapping :
is continuous on Inv(A) [4] and [7] ) ; but there exists unital Fréchet algebras which are not good topological algebras (see e.g. [3] , A.1.2).
Definition 5.1. By good unital Fréchet * -algebra, it will be meant an unital Fréchet * -algebra which, as unital topological algebra, is a good algebra.
b) As a matter of fact, the good complete Hausdorff locally convex topological algebras constitute the objects of a category G on which one can define the functors K 0 and K 1 of the topological K-theory, on account of the fact that such algebras have a holomorphic functional calculus ( [3] , A.1.5). One obtains then a subcategory, by taking as objects the good unital Fréchet * -algebras, and as morphisms the continuous * -morphisms of Fréchet *-algebras.
Given two good unital Fréchet * -algebras A and B, any continuous * -morphism φ : A → B such that φ(I A ) = I B induces in a standard way a morphism of abelian groups : Inv(A n ), it suffices to prove that :
In particular, for k = 0, since the exponential mapping exp 0 : A 0 → Inv(A 0 ) restricts into an analytic diffeomorphism from some convex open neighborhood of 0 onto an open neighborhood of I in Inv(A 0 ), we can find a real number ε, 0 < ε < 1 2 such that :
is an open neighborhood of I in Inv(A 0 ). The fact that Inv(A) is open in A is a now consequence of the following two assertions :
-Assertion (P ) :
a-1) : Proof of Assertion (P ). Observing that this assertion is trivial for k = 0, let us assume that for some integer n ≥ 1 : W A n−1 ⊂ Inv(A n−1 ). In order to prove that W A n ⊂ Inv(A n ), taking into account that W Inv(A n ) is open in the connected topological space W A n , it suffices to prove that W Inv(A n ) is closed in W A n .
Given any element a in the boundary of W Inv(A n ) in W A n , let (a p ) p be a sequence of elements in W Inv(A n ) A converging to a with respect to . n and let us consider the mapping l(a) : A n → A n (resp : l(a p ) : A n → A n , p ∈ N) consisting of the left mutiplication by a (resp. : by a p , p ∈ N).
We want to prove, first of all, that l(a) is a continuous bijection on A n . In fact, although the l(a p ) p ∈ N, are continuous bijections on A n , we can only assert that l(a) is a continuous injection, so that it remains to prove that l(a) is a surjective mapping. This proof is based on two points :
(a-1-α) : Since a lies in W A n for every x in A n , a first point is that, by Lemma 3.2 :
so that one obtains the inequality : l(a)x n ≥ 1 2 x n − η a,n x n−1 , which, taking into account the inductive assumption, implies that l(a)(A n ) = a.A n is closed in A n .
(a-1-β) : The second point consists of proving that A n ⊂ l(a)(A n ), so that l(a) is a bijective mapping. Let z be in A n ; since l(a p ) is bijective for each p in N, we can find a sequence (x p ) p of elements in A n such that : a p .x p n ≥ a.x p n − a p − a n x p n ≥ 1 2 x p n − η a,n x p n−1 − a p − a n x p n , from which it follows, for sufficiently large p, that a p .x p n ≥ ε x p n − η a,n x p n−1 .
Let us prove now that W Inv(A n ) is closed in W A n ; taking into account the inductive assumption which implies that x p n−1 p is a bounded sequence, the inequality (9) implies that x p n p is bounded ; then, by Lemma 3.1 :
proving that lim Then, taking into account that {Inv(A n ), j n , n ∈ N} is a projective system of analytic Banach Lie groups having Inv(A) as projective limit (see the proof of Lemma 5.1), by Lemma 4.4 one has that {Exp n , n ∈ N} is a projective system of analytic mappings from the projective system of Banach algebras {A n , n ∈ N} into the projective system of analytic Banach Lie groups {Inv(A n ), j n , n ∈ N}, so that Exp = lim ← Exp n is an analytic mapping from A into Inv(A).
We have to recall now, by Proposition 4.3 that the multiplication m : A×A → A is an analytic mapping ; Inv(A) being open in A, one easily deduces that its restriction, still denoted by m, to Inv(A) × Inv(A), is analytic mapping from Inv(A) × Inv(A) into Inv(A).
Moreover, denoting by inv n the mapping :
{inv n , n ∈ N} is a projective system of analytic mappings from the projective system of analytic Banach Lie groups {Inv(A n ), j n , n ∈ N} into itself, and then, the mapping :
is analytic on Inv(A). Since, by Lemma 4.6, (Inv(A), A, Exp) is a generalized Lie group, using standard arguments, (see e.g. [12] ), one easily concludes that the group Inv(A) provided with the Fréchet manifold structure inherited from that of the Fréchet space A is an analytic Fréchet Lie group open in A, with Lie algebra A and exponential mapping Exp.
c) It is well known that, given any analytic Banach Lie group G with Lie algebra G and exponential mapping exp : G → G is a Lie group of Campbell-BakerHausdorff type, i.e. is such that exp restricts into analytic diffeomorphism from some neighborhood of zero in G into some neighborhood of I in G (see e.g. [11] , §1).
Since {Exp n , n ∈ N} is a projective system of analytic mappings from the projective system of Banach algebras {A n , i n, n ∈ N} into the projective system of analytic Banach Lie groups {Inv(A n ), j n , n ∈ N}, one deduces easily that exponential map- 
(2) : For any integer n ≥ 1, let I n be the identity on C n and let M n (A) be the unital * -algebra of n by n matrices over A. Then, K n = (M n (A), H⊗C n , D⊗I n ) is good spectral triple.
Proof. (1) : Since any unital C
* -algebra is a good algebra, assertion (1) is an obvious consequence of Theorem 5.3 and Lemma 5.2.
(2) : First of all, one easily sees that K n is exactly the tensor product of the good spectral triple K = (A, H, D) with the trivial spectral triple (M n (C), C n , I n ) (see [5] ), so that K n is a spectral triple. Moreover, since for all integer p ≥ 0 the algebra A is contained in the domain of the p-th power of the derivation [|D| , .], one deduces that M n (A) lies in the domain of the p-th power of the derivation [|D ⊗ I n | , .] so that K n is a regular spectral triple. Endly, since {A, A k ; k ∈ N} is an ILB-chain, one easily check that {M n (A)(K n ), M n (A k ); k ∈ N} is an ILB-chain, from which one deduces that :
so that, finally, K n is a good spectral triple and that M n (A) is a good unital Fréchet * -algebra. Furthermore, the equality :
implies that the K n -topology is the n 2 -fold product of the K-topology of A (4) and Lemma 4.4. Assertion (ii) follows from (i) and from Theorem 3.2 of [13] (see also [6] ) which asserts that any closed Lie subalgebra of a Lie group G of Campbell-BakerHausdorff type is the Lie algebra of an unique connected Lie group of CampbellBaker-Hausdorff type embedded in G 6. On some Fréchet Lie subgroups of Inv(M n (A)) Let K = (A, H, D) be a good spectral triple and n be any strictly positive integer.
6.1. The Fréchet Lie groups of Campbell-Baker-Hausdorff type U Ω (n; A). a) For any integer n > 0, we shall consider the sets :
so that J (n; A) = J + (n; A) ∪ J − (n; A). With any element Ω in J ± (n; A), we associate : the mapping σ Ω : M n (A) −→ M n (A) given by :
and the sets :
be a good spectral triple. Given any strictly positive integer n and any element Ω in J (n; A) one has that : (i) : σ J is a continuous involution of the Lie algebra M n (A) commuting with the involution * .
(ii) : U Ω (n; A)) is a closed real form of the Fréchet Lie algebra M n (A).
(iii) : U Ω (n; A)) is a closed Lie subgroup of Campbell-Baker-Hausdorff type of the Fréchet Lie group Inv(M n (A)), with Fréchet Lie algebra U Ω (n; A)) and with exponential mapping Exp Ω which is the restriction to U Ω (n; A)) of the exponential mapping Exp : M n (A) → Inv(M n (A)).
Proof.
Let Ω be any element in J (n; A) so that Ω −1 = Ω * = εΩ, with ε = ±1.
(i) : For every x, y in M n (A) and any complex number λ one has :
which proves that σ Ω commutes with * in M n (A) ; one has also :
which proves that σ Ω is an antiautomorphism of order 2 of M n (A) ; moreover one has :
Endly, the continuity of σ Ω follows from that of the multiplication and of the involution * .
(ii) : Let us observe now, that given any element x in M n (A), one has :
The equality :
and the fact that σ Ω is an antiautomorphism of Lie algebra on M n (A) imply that U Ω (n; A)) is a real Lie subalgebra of M n (A).
By proposition 4.2 and Theorem 5.4(ii), M n (A), provided with the K n -topology, is a Fréchet Lie algebra. Observing that U Ω (n; A)) = ker(σ Ω − Id Mn(A) ), where Id Mn(A) denotes the identity on M n (A), the continuity of σ Ω implies the closeness of U Ω (n; A)) in the Fréchet Lie algebra M n (A), which is then a real Fréchet Lie subalgebra of M n (A). Moreover, on has the direct sum :
M n (A) = U Ω (n; A)) ⊕ iU Ω (n; A)), the decomposition being given by :
U Ω (n; A)) is then a real form of M n (A).
(iii-a). Let us prove firstly that U Ω (n; A)) is a closed subgroup of Inv(M n (A)). Let a, b in U Ω (n; A)) ; one has a * .Ω.a = Ω = b * .Ω.b, and then :
Furthermore :
where I n denotes the unit element of M n (A).
One deduces that any a in U Ω (n; A)) is invertible in U Ω (n; A), that :
and that U Ω (n; A)) is really a subgroup of Inv(M n (A)). Endly, from the continuity of the multiplication and of the involution * , one easily deduces the closeness of U Ω (n; A) in M n (A) and then in the open Fréchet Lie group Inv(M n (A)).
(iii-b). Let Exp Ω be the restriction of the exponential mapping Exp (n) from M n (A) into Inv(M n (A)) (see Theorem 5.5) to the Lie subalgebra U Ω (n; A)) of M n (A)), let v be any element in U Ω (n; A)) and let us compute (Exp Ω v) * .Ω.Exp Ω v. Taking into account that for any x in U Ω (n; A)) one has x = −εΩ.x * .Ω, one obtains :
Moreover, since Ω 2 = εI n , one has :
.Ω, and then :
It follows that :
and then that Exp Ω v lies in U Ω (n; A)) for any element v in U Ω (n; A)). One deduces that :
U Ω (n; A)) = {v ∈ A/Exp (n) (tv) ∈ U Ω (n; A)∀t ∈ R}.
(iii-c) : Since U Ω (n; A)) is closed in Inv(M n (A)) and U Ω (n; A)) closed in M n (A), it follows from Proposition 3.4 in [12] that (U Ω (n; A)), U Ω (n; A)), Exp Ω ) is a generalized Lie group. One deduces then from Theorem 5.5 that U Ω (n; A)) is the Lie algebra of a unique connected Lie group Γ of Campbell-Baker-Hausdorff type embedded in Inv(M n (A)) with exponential mapping Exp Ω . We achieve the proof by observing that, taking into account the above discussion, U Ω (n; A)) is a closed Fréchet Lie subgroup of Inv(M n (A)) and that Γ is necessarily the connected component of U Ω (n; A)) 6.2. Examples. Let K = (A, H, D) be a good spectral triple.
a) The unitary groups U (n; A). For any strictly positive integer n the unit element I n of M n (A) lies in the set J + (n; A). The Fréchet Lie group of CampbellBaker-Hausdorff type U In (n; A), that we shall denote by U (n; A), is called the unitary group of M n (A).
It follows from Formula (11) that :
By (11) and Theorem 6.1, its Lie algebra U In (n; A)), that we denote by U(n; A)) is :
In the case n = 1, one usually lets U(A) = U(1; A) et U (A) = U (1, A) and one has then :
In the case n = 2 one obtains :
b) The sympletic groups Sp(n; A). For any integer n > 0 the matrix :
lies in J − (2n; A). We shall denote by Sp(n; A) the Fréchet Lie group of Campbell-Baker-Hausdorff type U Ω(n) (2n; A). By theorem 6.1, its Lie algebra is Sp(n; A) = U Ω(n) (2n; A). Sp(n; A) will be called the sympletic group of M 2n (A) = M 2 (M n (A)). Taking into account Formula (11) an easy computation gives :
c) The pseudo-unitary groups U (p, q; A). Let us fix now a pair (p, q) of strictly positive integers : the matrix :
. We observe now that for any pair (r, s) of strictly positive integers, and denoting by M r,s (A) be the A-module of r × s matrices over A, so that M r,r (A) = M r (A), the involution * on A extends into a mapping, still denoted by * , from M r,s (A) onto M s,r (A) such that :
The pseudo-unitary group U (p, q; A) is by definition the Fréchet Lie group of Campbell-Baker-Hausdorff type U I(p,q) (p + q; A) ; by Theorem 6.1 its Lie algebra is U I(p,q) (p + q; A) that we shall denote by U(p + q; A). Using Formula (11) an easy computation gives :
7. Unimodularity in good spectral triples 7.1. K-traces. (2) : We shall say that K is unimodularizable if the set T (K) of K-traces over A is non empty. Proposition 7.1 below gives a first class of examples of unimodularizable good spectral algebras. We recall that given a spectral triple (A, H, D) , . denotes the restriction to A of the C * -norm of the C * -algebra L(H) of bounded linear operators on H, and that A 0 denotes the C * -completion of A with respect to . . Proof. Let K = (A, H, D) be a good spectral triple, and let us assume that the C * -algebra A 0 has a normalized finite trace T . Then T is continuous, and its restriction to A, still denoted by T , is a linear form on A which is continuous with respect to . and which fulfils Condition (α) required in Definition 7.1. We achieve the proof by observing that, since the topology induced by . on A is weaker than its K-topology (see proof of Prop. 4.1), T fulfils also Condition (β) Proposition 7.2. Let K = (A, H, D) be a unimodularizable good spectral triple, and let T be any K-trace over A. Then, for any strictly positive integer n, the mapping
is a K n -trace over M n (A), and then
Proof. It is a direct consequence of Assertion (ii) of Theorem 5.4 c) Given a family
.., n} of n unimodularizable good spectral triples, n being any strictly greater than 1, we shall denote by :
-A the direct sum of unital * -algebras : A = A 1 ⊕ A 2 ⊕ ... ⊕ A n , so that any element a in A is of the form a = a 1 ⊕ a 2 ⊕ ... ⊕ a n , with a i belonging to A i , i = 1, 2, ..., n ; -I = I 1 ⊕ I 2 ⊕ ... ⊕ I n the unit element of A, I i being the unit elemnt of A i , i = 1, 2, ..., n ; -H the direct sum of Hilbert spaces :
From the fact that all the
.., n, are good spectral triples, one easily deduces that their sum K = (A, H, D) is a good spectral triple.
.., n} be a F -family of n good spectral triples, where n is an integer strictly greater than 1, and for each index i = 1, 2, ..., n, let T i be a K i -trace over A i . Let us denote by T (i) , i = 1, 2, ..., n, the mapping from A into C defined for any element a = a 1 ⊕ a 2 ⊕ ... ⊕ a n in A by :
is an unimodularizable good spectral triple, and T (K) contains the set of elements of the form T = u 1 T 1 + u 2 T 2 + ... + u n T n , (u 1 , u 2 , ..., u n ) being any n-uplet of non negative real numbers fulfilling u 1 + u 2 + ... + u n = 1.
Proof. (i) :
One easily deduces from Proposition 7.2 that for any i = 1, 2, ..., n, the mapping T (i) : A → C defined by (#) is a K-trace over A. Observing that the system (T (1) , T (2) , ..., T (n) ) is a linearly independant system in the vector space V(K) of linear forms on A fulfilling conditions (α) and (β) given in Definition 6 and which are continuous with respect to the K-topology of A, one deduces now that the convex hull of the set (T (1) , T (2) , ..., T (n) ) is a subset of the set of K-traces over A 
is bounded. £ 1,+ (H) is the domain of the Dixmier trace T ω , which allows to sum logarithmic divergences. According to [5] , given a real number d > 0, a good spectral triple K = (A, H, D) which is such that |D| −d ∈ £ 1,+ (H) is said to be a d + -summable. It is known (see e.g. [5] ) that for any d + -summable spectral triple K = (A, H, D) , the associated functional : 
Proof. Let us assume that A 0 is a factor of type II 1 . Then, the center of A, like the center of A 0 is exactly CI ; taking into account that any trace on A necessarily vanishes on non central elements, it follows that the Dixmier trace Ξ D of A is a scalar multiple of the restriction to A of the unique normalized faithful finite trace of A 0 , and since H is assumed to be an infinite-dimensional space, one deduces that Ξ D (I) = 0 and then, by Proposition 7.1, that : is a closed Lie algebra of codimension 1 of the Fréchet Lie algebra M n (A). By Theorem 5.5, there exists an unique connected Lie subgroup S T (n ; A) of Campbell-Baker-Hausdorff type of the Fréchet Lie group Inv(M n (A)) the Lie algebra of which is S T (n; A) = {a ∈ M n (A)/T [n] (a) = 0}. Of course, S T (n ; A) is the closed connected subgroup of Inv(M n (A)) generated by the elements of the form Exp (n) v (see Theorem 5.5), with v running in the Lie algebra S T (n; A) S T U Ω (n ; A) is a real connected closed Lie subgroup of U Ω (n ; A) and of the (K n , T )-unimodular group S T (n; A) 7.4. Examples of unimodular unitary groups. a) Let be a family of n unimodularizable good spectral triples F = {K i = (A i , H i , D i ), i = 1, 2, . .., n}, n being any strictly greater than 1, and for each i = 1, 2, ..., n, let T i be a K i -trace over A i . For each index k = 1, 2, ..., n, we shall denote by U (A k ) 0 the connected component of the unit of the unitary group U (A k ) of A k . By Proposition 7.3, one has that :
is an unimodularizable good spectral triple.
Moreover, denoting, for each i = 1, 2, ..., n, by T (i) the K-trace over A obtained by taking, for any element a = a 1 ⊕ a 2 ⊕ ... ⊕ a n in A :
.. ⊕ a n ) = T i (a i ), i = 1, 2, ..., n, and one knows, by Prop. 7.3, that given any n-uplet u = (u 1 , u 2 , ..., u n ) of positive real numbers such that u 1 +u 2 +..+u n = 1, then,
is K-trace over A. One easily deduces, for each i = 1, 2, ..., n, that :
S T (i) U Ω (A) = {a = a 1 ⊕ a 2 ⊕ ... ⊕ a n ∈ A/a k + a * k = 0 ∀k = 1, 2, ..., n, and T i (a i ) = 0} is the real Lie Fréchet algebra of the unimodular unitary group of A with respect to the K-trace T (i) : C n = {u = (u 1 , u 2 , ..., u n ) ∈ R n /u i ≥ 0, i = 1, 2, ..., n, and u 1 + u 2 + ... + u n = 1} the unimodular unitary group S T [u] U (A) is the connected Fréchet Lie subgroup of U (A) with Lie algebra :
U(A) = {a = a 1 ⊕ a 2 ⊕ ... ⊕ a n ∈ A/u 1 T 1 (a 1 ) + u 2 T 2 (a 2 ) + .. + u n T n (a n ) = 0}.
If u and v are two different elements in C n , then taking into account Remark 7.1, one has that :
